COMPUTING MIXED VOLUME AND ALL MIXED CELLS IN QUERMASSINTEGRAL TIME.
GREGORIO MALAJOVICH

1. Mixed volume and Quermassintegrals

3. Nonlinear homotopy and tropicalization

The mixed volume of the n-tuple of convex bodies (A1 , . . . ,
An ), Ai ⊂ Rn is defined as
∂n
def 1
V (A1 , . . . , An ) =
Vol(t1 A1 + · · · + tn An )
n! ∂t1 ∂t2 · · · ∂tn
where t1 , . . . , tn ≥ 0 and the derivative is taken at t = 0.
The normalization factor 1/n! ensures that V (A, . . . , A) =
Vol(A). In that sense the mixed volume generalizes the usual
volume.
The definition above is still valid if we allow the Ai to have
empty volume, so in this paper we will only require the Ai to
be closed convex sets.

Huber and Sturmfels (1995) suggested solving such systems by a nonlinear homotopy, that amounts to
X
fi (x, t) =
fia xa1 1 xa2 2 · · · xann t−bi (a) , 1 ≤ i ≤ n.

The mixed volume was introduced by Minkowski (1901)
for n = 3. If A ⊂ R3 is a convex body, the Steiner formula

Now

a∈Ai

where bi (a) is a random lifting. The initial system is obtained
at the limit when t → ∞, and amounts to finding something
called the ‘lower mixed facets’ associated to the lifting b. To
better understand what the nonlinear homotopy does, it is
convenient to change coordinates:
t = eτ ,
fi (ξ, t) =

V (A, A, B 3 ) = 3S

2

and

X

fia eτ (aξ−bi (a))

a∈Ai

4
Vol(A + B ) = Vol(A) + S + πK + π3
3
implies that
3

xi = eτ ξi .

The Legendre transform of a 7→ bi (a) is a function λi on the
variable ξ, given by
λi (ξ) = max aξ − bi (a).

V (A, B 3 , B 3 ) = 3πK

a∈Ai

where S is the total area of ∂A and K its total mean curvature Under this new notation,
X
(assuming ∂A is smooth). The invariants V (A, A, B 3 ) and
fi (ξ, t) = eτ λi (ξ)
fia eτ (aξ−bi (a)−λi (ξ))
3
3
V (A, B , B ) are known as quermassintegrals. I will speak
a∈Ai
here on an algorithm for mixed volume computation with
When τ → ∞, the equations can only be satisfied if the
complexity bounded in terms of mixed quermassintegrals.
maximum of aξ − bi (a) is attained twice for each equation.
This looks like a combinatorial problem, but in modern lan2. Mixed volume and polynomial systems
guage it is a problem of tropical algebraic geometry, or alA system of n-variate polynomial systems is a system of gebraic geometry over the tropical semi-ring (R ∪ {−∞}, +,
equation of the form f1 (x) = · · · fm (x) = 0 where
max). See ?Mclagan-Sturmfels () for a texbook on the subX
ject.
(1)
fi (x) =
fia xa1 1 xa2 2 · · · xann
a∈Ai

4. The results
and each Ai is a finite subset of (Z≥0 )n . The set Ai is known
as the support of Ai . If the points of Ai are allowed to be in
The algorithm AllMixedCells(Malajovich, 2015a) comZn , then fi is said to be a Laurent polynomial.
putes the mixed volume
In this talk, I will only consider (Laurent) polynomial sysV = V (Conv(A1 ), · · · , Conv(An ))
tems with the same number of equations and variables, so
m = n.
together with the initial solutions, that is the zero-dimensional
Theorem 1. (Bernstein, 1975; Bernstein et al., 1976) The tropical variety of solution points to the limiting system when
τ → ∞.
generic number of roots in (C× )n of the system (1) is
For a certain time, computing the starting system was a
bottleneck for homotopy based polynomial solving software.
Later breakthroughs by Gao and Li (2000), Li and Li (2001),
Gao et al. (2005), Mizutani et al. (2007), Lee and Li (2011),
and Chen et al. (2014) provided efficient practical implementations through enumerative algorithms. However, the complexity properties of those algorithms are not well understood.
The algorithm AllMixedCells is geometric in nature,
and this will allow for a complexity bound in terms of mixed
volumes. The input for the algorithms is the support (A1 , . . . ,
An ) of a system of polynomial equations such as (2).

n!V (Conv(A1 ), . . . , Conv(An )).
The case n = 1 is attibuted to Newton. If A1 = · · · =
An , the system is said to be unmixed. The case of unmixed
systems for n = 2 is due to Minding (2003) and the general
unmixed case to Kušnirenko (1976).
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(3) Because of heuristical considerations, those hyperplanes are picked at infinity.
(4) All together, one needs to explore a certain graph
(union of the tropical curves and connections between
them).
(5) The algorithm was implemented and parallelized. It
is available as free software under GPL. (Malajovich,
2015b)
(6) A speed-up was obtained by using a random path
strategy.

Figure 1. The Cohn 3 polynomial system.
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Figure 2. The Cyclic 3 polynomial system.
Let Ai = Conv(Ai ), A = A1 + · · · + An and let B n be
the unit n-ball of radius 1. Let di = dim Conv(Ai ). Let Vi =
di !Voldi (Conv(Ai )) be the generic root bound of an unmixed
polynomial system of support Ai . Let 0 ≤ Ei < #Ai be
numbers defined in the paper.
Theorem 2. With probability one, the algorithm AllMixedCellsFull computes the mixed volume and produces all the
initial points in time bounded by O(T + T 0 ) arithmetic operations, where
d
n
n
X
X
X
T =(
vi ) n 2
Ei + log
vi

(2)

i=2

(3)

i=1

0

T = (max Vi ) n

2

n
X

!
,

i=2

!
#Ai + log max Vi

i=1

i=1,...,n

and
(a) With probability one,
vd ≤ n!V (A1 , . . . , Ad−1 , A, B n , . . . , B n ).
(b) On average,
n!
v̄d ≤ n−d V (A1 , . . . , Ad−1 , A, B n , . . . , B n ).
2
5. The main ideas
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Bernstein, D. N., A. G. Kušnirenko, and A. G. Hovanskiı̆. 1976. Newton polyhedra, Uspehi Mat. Nauk 31, no. 3(189), 201–202 (Russian).
MR0492376 (58 #11500)
Chen, Tianran, Tsung-Lin Lee, and Tien-Yien Li. 2014. Mixed volume
computation in parallel, Taiwanese J. Math. 18, no. 1, 93–114, DOI
10.11650/tjm.18.2014.3276. MR3162115
Gao, Tangan and T. Y. Li. 2000. Mixed volume computation via linear programming, Taiwanese J. Math. 4, no. 4, 599–619. MR1799755
(2001j:65026)
Gao, Tangan, T. Y. Li, and Mengnien Wu. 2005. Algorithm 846: MixedVol: a software package for mixed-volume computation, ACM Trans.
Math. Software 31, no. 4, 555–560, DOI 10.1145/1114268.1114274.
MR2272345 (2007j:65059)
Huber, Birkett and Bernd Sturmfels. 1995. A polyhedral method for
solving sparse polynomial systems, Math. Comp. 64, no. 212, 1541–
1555, DOI 10.2307/2153370. MR1297471 (95m:65100)
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(1) If one removes one of the tropical equations, one obDepartamento de Matemática Aplicada, Instituto de Matetains a tropical curve, that is a set of segments and mática, Universidade Federal do Rio de Janeiro. Caixa Postal
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be explored by standard techniques.
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(2) The tropical line can fail to be connected. To find one
point of each connected component, one proceeds by
induction: intersect the line with a generic hyperplane, and then drop one equation more, and so on.

